
Ergodic Theory and Measured Group Theory
Lecture 10

Exercise . For
any

ctbl infinite grp P
,
the shift action in ✗

"
rik

¥

any Bernoulli measure
,

i. e. M:=V
"

,
here 0 is a prob - m

. on X
,

is free f-a. e.

Solution - hint . If ✗ is monatomic
, e.g . 10,13 with Lebesgue , then

two coordinates busy = i> measure 0 .

If has

atoms
,
fix NEP

.

thou tht the action of it is

fear a. e. by looking at the •sets d. or>

(ta auf by 8 on the right . Cases : co > is infinite
it it > is finite ( hence Pkns is infinite

.

Groups for the perspective of ergodic theorems
.

The action at au

invertible transformation is the sane as tht of Z
.

Thus
,
we have a ptwie ergodic than for pup actions of 2 :

a

thinner
.
let 2^4,9) be a

pimp action lie
.

V-J c- 2
,

MA)= Mr -A) for all Borel AEXJ . V-fc-IIX.tl
,

dim Average off over In '

✗
= E- Ifl B) G) a. e.

una
ital

where In := 10,1
,
. . - in} .



The property of the sequence /In) tht makes the proof work is

tht Hotz
,

1 Inertial → 0 as a→ a
.

IIUI

Def
.

For a ctbl gp
P
,
a uyueuu (Fn) of finite subsets of P

is called Fonner if fret
,
lfn A FEI → 0

.

IFNIThe groups tht ad- it such a queue

are called amenable k⇒V- finite Seti# FEP finite

that is 6,4 - Exlur , i.e. Hots IF a- T.FI

11=1
< E) .

Theorem
.
For a cfbl group

i
,
TFAE:

(1) T is amenable
,
i. e. has a Fellner sequence. -7

(2) T has Reiter functions
,
i. e. b- SET finite

,
He >0 7 finitely-

supported prob . measure V on P i.t
.

toes
,

110 - V.v44,

~ there T.ro/x1:--vfr-' ×) .

T invariant

(3) P admits a finitely - additiveprob. measure defined
on all subset of T'

134 t admits a positive mean
,
ie

.

3- a ✗ c- 1%)* sit
.

H f -40 I f-70 in 1914
,
Hf) > 0

.

Proof - sketch
. (2) ⇒ (1)

.

Each v c- PIT ) finitely - supported admits a



I

layered cake dewwposihieir v= '
'
'

µ,
! .. = ¥

,

" #Li ,

where 42hr2 . .
?_Lk . iii

'i'
, ,Ñ

Gain
.

V- TET
,
b- ✗ ET

, 11h. - ftp.h.lx) are either 0 or

have the sane sign , i.e.FI#js.t. the sigh is

different .
Proof

. Liz Lz 2 . . . Ilk
✗ ,

I 1 I 0 0000 . . -0

TL
, I 842 . . . ? The 1 I 1 I 1 10 00 . . . O

tr
,
h - r?vl=lÉri 11h. - In ;) / =? rilttii -In!in

u Fri#tiara
I Hv - t.vlli-E.se?...ri1liANil
Yes

( Fubini) c- Eri 14.1 . I lkianrlil
RES¥

.

For a fix S
,
let u best . He - HUH ,

- %
,

hence { > Ellie - i'v11, = É rillil-Z.gllif-J.li/- .
res in

1=1411 , -_ É ri Kil , so%? convex conbiiahieu
.

Tha, by
it PHP

,
Fi s.t.2-kia.mil < s .

JES l lil



(11--34) . trivial .
(2) ⇒ (3)

.

Take a weak* - limit of finitely - supported measures
.

13't Or given a Fellner sequence ( Eu)
,
define the

measure X or T by sitting ,
for A EP

,

✗ (A) i. = him
now lA¥l , here the knit

is along an ultrafilter so it always exists .
A
,
def
,

this gives an inv
.

fin
.
additive prob . measure.

(3)⇒14 . By geometric Hahn - Banach .
\

Examples and closure properties . Finite groups are amenable
.

I is amenable ( intervals)
.

Amenable
groups are closed under amenable extensions

,

i.e.lt 1 → t, → M → iz→ 1 short exact squire,
if T, I Fr ve vena ble

,
then so is 1?

In particular
,
amenable

groups are closed a-ler pocket.
Id is amenable .
Amenable groups are closed under itbl increasing unions.
☒ E

"

ii amble . Also all abelian groups are aeaable.
Hiiiii solvable groups are amenable

.

Closed under subgroups . Ex .
Much more -

. .



We said At the key ingredient in the proof at the phrase
ergodic theorem for I was to lueruen of (Iu) .

So is the

ptwise ergodic theorem true foe all area able groups
along any Folker serene ? Yes ( basically) !

Theorem (Lindenstraws 2000)
.

The picnic ergodic the holds along ag
tempered Faker sequence , i. e.

tauaable gp
I
'

d a

tempered Father sequence (E) , ay pnp action
'tof P on

14h) , V-ft.tk,M ,

linga Average off over Fix = Elf 1 Ba)
.

lfnl

A taker serene lid is called tempered its fu
(vii. Fu < C. 11=4 for a constant C.
in

Obs . Every Faker sequence has a tempered subsequence .
Proof. let s :=¥Fi .

A stronger condition then tempered is the Tempel
'

man condition :

(Eti) -• Fu < c. It:|



For an increasing (E)
,
this is the sane as I Fi Fuk C. IFI

.

Tempel
'

man 's theorem
.

Ptwise ergodic hold, along iareasiug iewpe /has
Folker sequences .

In particular
,
for boxes

in zd
.

For boxes in Id the constant C is 2d
. Recalling the

proof fer I, it amounts to tiliy arbitrarily well a large
Fortner sit by smaller Faker sets placed at a pig it

that likes it
.

Let's see how difficult it is to do in 22 :

Big Fader set

÷

•

BB •


